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Abstract— An optimal sampled-data output regulation for a class
of linear time invariant systems is considered. The essential
constraint is the availability of the output samples for the
measurement. The main purpose is to explore the response of the
linear time invariant systems by introducing a realizable
reconstruction filter as digital to analog convertor as compared
to the general approach which is zero order hold devices. The
gains of the control law which ensures the output regulation has
been calculated by introducing the linear quadratic gaussian
technique. The proposed scheme ensures the optimal regulation
(tracking) in the presence of the external disturbance under the
influence that the complete knowledge of the disturbance is
known. The corresponding linear time invariant system and the
realizable reconstruction filter, whole system will behave like an
impulsive system.

Keywords— linear systems, output regulation, linear quadratic
gaussian, impulsive systems, sampled-data control.

I. INTRODUCTION

Output regulation is a fundamental problem which has been
studied extensively in the control theory since the seminal
work done by the Francis in 1977[1], and now we are able to
address the problem with the quite complete solution. It
addresses the problem by designing a controller which is able
to track a class of reference signals and also able to reject a
class of disturbances while maintaining the close loop stability
of the system. The behaviour of the Linear Time Invariant
systems is well understood ([2], [3]). The theory of output
regulation is also extended to the Time varying systems in
which we solved the differential regulator equations rather
than the classical (algebraic) regulator equations ([4], [5]).For
sampled-data systems with zero order hold, the output
regulation problem is easily solved([6],[7]). But for the
general exogenous signals ripples between the sampling
periods complicates the matter and are necessary to attenuate
for which the continuous time pre compensators are
considered [6].

The LQG technique which is composed of optimal state
estimation in the presence process and measurement noise
followed by state-feedback regulator design using the
observed states. The state feedback regulator is designed on
the basis of the LQR. Performance of the LQR controller is
achieved by selecting the appropriate weighting matrices used
in cost function. LQR cost function mostly works by the
relation between the states and the input. LQR empower the
designer to efficiently use the control effort, which state of the
system uses more control effort to get the better response of
the respective state, or the transient behaviour of the system.

There is a well establish relation between the optimal and
robust controllers ([10], [11]).

For the sampled data system there have been two
contemporary approaches. In the first scheme we designed the
controller and observer such that the continuous-time model
of the system is stabilized. Then the designed controller and
observer is discretised and implemented. This approach has
been implemented in [8] under the assumption that the
solution of the continuous-time regulator equation exist. In the
second scheme we convert the continuous-time system model
in to discrete-time frame of work and then designed the
controller and observer in discrete frame of work under the
concluded fact that there exists a solution for the discrete time
regulator equation, perhaps our overall system converted into
discrete domain. The main drawback of this scheme is the
failure of the inter-sample behaviour of the controlled
continuous system. To cope with this problem is by
introducing generalized hold device (GHD) in the controller
design.

GHD can be presented as an interpolators with the benefit

of the state feedback controllers without using state estimation
techniques. By the advantage of using the GHD technique a
realizable reconstruction filter is used for the inter-sample
behaviour analysis which is presented in [9], [12]. The overall
system behaves like an impulsive system in which RRF is
designed on the basis of the continuous time internal model of
the exosystem and it is also given that the complete
knowledge of the exosystem is known. It behaves like an
mapping function in-between the discrete input of the
controller and the continuous time output to the system just
like a digital to analog convertor.
In this way we can use this continuous time input to overcome
the intersample behaviour of the system. Thus the overall
system performance is better as compared to using a simple
zero order hold function.

II. PROBLEM FORMULATION

Consider the following linear time invariant system that can
be represented by the following state space model given by

x(t) = Ax(t) + Bu(t) + Pw(t)
y(t) = Cx(t)
y(k) = Cx(k) ey
Where x(t) € R™ is the state, yeR” is the output and
ueR™ is the input. It is considered that only the sampled
measurements of the output are available for measurement.
The disturbance present in the system is modelled byw (t).



The model of the exogenous system is given as

o [w(®
W= [Wd'(t)
yr(t) = QrWr(t)
y‘r[k] = yr(k7)

-[¢ sl

(2)

Where S, corresponds to the reference signal which followed
by the system output. S; represents the disturbance which is
introduce at the input of the system. According to the theory
of the LTI system

III. REALIZABLE RECONSTRUCTION FILTER(RRF)

The input to the LTI system is generated through a GHD
known as realizable reconstruction filter (RRF) [9]. The filter
is represented as follows

n(t) = Apn(t) t#kt

n(kt) = n(kt™) + Byu(k) t =kt

u(t) = Cyn(0) (3)
In the above mentioned equations 1n(t) undergoes a jump at
the instances of kt. The time instances used for the realizable
reconstruction filter are the integer multiple of the sampling
timet. The input to the above system is the discrete output of
the controller given as u(k) and the output of the impulsive
system is the continuous time u(t) to drive the plant. The
basic structure of the RRF is based on the dynamics of the
exogenous system by taking the assumption as follows

Ap =Sy “4)
By constructing the RFF by above assumption has the benefit
of the state feedback instead of the state estimation. Therefore
the states n(t) and its samples n(k) are available for
measurement .Another advantage of the RRF is the same
dimensions of the wu(k) and u(t).RRF also ensure the
controllability and observability of the complete design.

IV.SAMPLED-DATA OUTPUT REGULATION WITH RFF

The augmented system including LTI in (1) and RRF in (3)
behaving like an impulsive system can be written as

a'c(t):[zgg]: Ax(t) + Bw(t) t #kt
x(kt)- Zgg]: x(kt™) + Bu[k] t=kt
y()- Cx(t) )

The corresponding matrices are given as
_[A, O __[By _ 0 _
=5, alB=[3lr=|p.c) =10 @

BC,
In the above system the continuous time system undergoes
the jump at the integer multiple of 7.
The incorporation of the exogenous system with the above
augmented system can be simplifies as given below

XO-[ X |Faxo ke
x(kt) = [;((I;{?)] = y(kt7) + Bulk] t=kt
Y(t) = Cx(6) (©)

The corresponding values of the above matrices are

_[A P _[B _
‘A*[o s]' B_[0]’6_ [C Ql
The state response of the system (6) can be represented as for
time interval t € [Ty, Ty41] can represented as

X(® = @(t, to)x(to) + L=y (¢, T)) Bu[j] (7
The first part of the equation represents the zero input and
second part represents the zero state response of the system.
For the output regulation of the impulsive system in (6) the
following assumption can be made

Al.
(A4, By) is stabilizable.
A2.
The pair (C, e“*?) is detectable
A3.

There exist matrices I[I(PI) and T(GAMMA) which
fulfil the regulator equations such that:

nS; = A;l1+ B, + By

0=_Cyll+Qq (8)

Where
A, =e*B; = A B,P; = A4P,C;=C

The values of the S; and Q4 corresponds to the discrete time
exosystem.In this paper we presented a discrete controller
which is followed by a discrete observer for the output
regulation of the impulsive system. The designed observer has
the property of the stable closed loop asymptotically stability.
For the design of the observer the following matrices are used
given as

A:[‘g 3{1 B:[th]cz[c 0] ©)

Above matrices has been used for the state estimation of the
system augmented with the exogenous system. Then the
discrete observer and controller equations are given as follows

(10)
)

Rolk+1]=e** %, +e " Bulk]+ H(y[k]-CZ,)
n

I'— FII]{ %o [[k]
w

To solve the tracking problem it remains to design a feedback
gain F and the observer gain K. In this paper we have
designed the system gains on the basis of the optimal
technique Linear, Quadratic, Gaussian (LQG). In short the
optimal design process has following steps



(a) Design an optimal regulator for the linear plant
assuming full-state feedback and also defining a
quadratic objective function given as

J(w) =
i x " () QU)x (k) +
uT (k)Ru(k) (12)
For the minimization of the above cost function the gain F has
been calculated as
F=((B"™M_,B +R)"1B"TM,A) (13)
By solving the regulator equation given as
0=M,—ATMyA—Q + ATM,B(R + BTM,B)"1BTMA — Q
(14)
(b) Design a kalman filter for the plant assuming a control
input u (t) a measured output y (t) with the known noise
covariance. All these noises are zero mean Gaussian and
statistically independent explained as follows

E[E®]=EM@®] =0 EG®EMT=E=0
E[9(®)9(t)"] =0 >0 ElfeléT]=10
For this paper we have selected the process and measurement
noise covariance’s which are £ = [1073] and® = [1077].
And the gain is calculated by as follows

H=R,CT"(CR,CT + R,)™*
The above gain has been calculated by solving the following
discrete time filtering equation

S=ASAT +Q, —ASCT(ASAT +R,)"'CSA (15)
The above calculated gains fulfils the output regulation for
the sample-data system where F is chosen on the basis of LQR
technique, such that the pair (A4 + By4F) fall within the unit
circle. The gain (H) that has been calculated for the output
feed-back system on the basis of the optimal state estimator
(LQG) such that the pair (eA” — HC) is exponentially stable.
The LQG controller corresponds to the combination of the
kalman filter equation and the LQR.

V. EXAMPLE

The above designed technique has been implemented to an
inverted pendulum with cart. By taking a cart with an inverted
pendulum hinged on the top of it as shown in the fig.1 for the
simplicity we assumed that the cart and pendulum moves in
one direction. The friction and the mass of the stick is
neglected. The aim is to maintain the pendulum in its vertical
position. This simple mechanism can be used as a space
booster on its take off position.

After the linearization of the system we get the following

differential equations.
(M +m)j+mlb =u (16)
216 — 296+ =0 (17)

Fig.1 Inverted Pendulum

The state space representation of the system can be formed as

0 0
g 1 —-2mg 0
A= 0 8 2M+m 1 C=[1 0 0 0]
0 2g(M+m)
00 0 (2M+m)l
2
B=| 2| (18)
-1
|.(2M+m)

For the simplification of the model we took the following
assumptions

-2mg _, 2g(M+m)_ 2 -1
2M+m (2 M+m)l ~’ 2M+m 7’ (2M+m)
The model is designed under simplification and also linearized

so it is only applicable to small change in 8 andé.

REGULATION OF A CONSTANT SIGNAL

The linearized system represented in (13, 14), we want it to
track the signal that has been generated by the system in (3),
can be written as:

x(t) = Ax(t) + Bu(t)

W(t) = 0559

y(&) = Cx(¢)
For the system represented in (19), we choose the sampling
time 7 = 0.1secand also assumed that the control input is
realized through realizable reconstruction filter and all
respective measurements are taken at the fixed sampling
instant kz. The value of F is calculated by choosing the
appropriate value of Q and R which is for this case is Q =
diag {1, 100, 10, 10,1}, R= {0.1} .

(19)



The value of the observer represented in (14) has been

calculated by choosing Q, =diag{1,1,1,10,10} and
R,={0.001}.

The following result has been shown the comparison between
the zero order hold response and the output of the system with
RRF when there is no constant disturbance and noise is

introduced in the system
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Fig (2) output comparison of the system
The error of the system in comparison with the zero order

hold and RREF is presented as follows
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Fig (3) Error Plot

The comparison between the zero order hold and RRF with
respect to their control effort has also shown in the fig (4).
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Fig (4) control effort comparison u(t)
The results shown in the following figures represents the
output of the system when there has been a constant
disturbance and white Gaussian noise introduced in the
system.
The constant disturbance is considered as the same the
reference signal and on the other hand we have selected the

process and measurement noise covariance’s which are £ =
[107%] and® = [1077].
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Fig (5) Displacement of the cart with perturbations
The error convergence of the system is shown as follows in
the fig (6).
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Fig (6) Error convergence with noise



The control effort that has been utilized by the system in
the presence of perturbation, comparison with the zero order
hold and RRR is also shown in the fig (7).

2500

—— Control effort u(t) With Zero Order Hold
| —— Control effort u(t) With RRF I
P E.

2000 ff-------

1000

7] 3 R O T N N ——

Control Effort u(t)

i i
0 2 4 6 8 10 12 14 16 18 20
_ Time Axis(sec)

Fig (7) control effort u (t)

CONCLUSION

The optimal sampled-data output regulation is presented for a
class of linear time invariant system is considered and
realizable reconstruction filter has been used as an analog to
digital convertor as compared to general approach of using
zero order hold. By the use of realizable reconstruction filter
with the linear time invariant plant are modelled as linear
impulsive system. Since the realizable reconstruction filter
contains the dynamics of the reference signal that can be used
as a control variable to overcome the intersample behaviour of
the closed loop system which effects system dynamic change
at the sampling instants which alternatively give advantage in
the regulation and control energy efficiency as depicted in the
simulations. In the above scheme there has been a constant
disturbance which is generated by the exogenous system and
the process noise, measurement noise is also handled through
the LQG technique. The above proposed technique has been
implemented on an inverted pendulum with cart and results
are shown through simulations.
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